The correspondence between Poisson homogeneous spaces over a Poisson-Lie group G and Lagrangian Lie subalgebras of the classical double D(g) is revisited and explored in detail for the case in which g = D(a) is a classical double itself. We apply these results to give an explicit description of some coisotropic 2d Poisson homogeneous spaces over the group SL(2, R) ∼ = SO(2, 1), namely 2d anti de Sitter space, 2d hyperbolic space and the lightcone in 3d Minkowski space. We show how each of these spaces is obtained as a quotient with respect to a Poisson-subgroup for one of the three inequivalent Lie bialgebra structures on sl(2, R) and as a coisotropic one for the others.
Introduction
Non-commutative spacetimes are widely believed to provide a suitable framework for the description of fundamental properties of spacetime when quantum gravity effects are taken into consideration, see for instance [1] [2] [3] [4] [5] and references therein. Mathematically, they are given as (co)module (co)algebras over quantum groups and the associated sub-(co)algebras of (co)invariants. A prominent example are the q-Minkowski spacetimes arising from quantum Poincaré symmetries whose properties have been thoroughly studied in [6] [7] [8] [9] [10] . However, much less is known about their counterparts for non-vanishing cosmological constant, quantum de Sitter and anti de Sitter space (see [11] and references therein). This is regrettable since they could serve as mathematical models of quantum spacetimes with non-vanishing curvature and with possible cosmological implications, see [12] [13] [14] [15] .
From a classical perspective, it is well known that n-dimensional Minkowski, de Sitter and anti de Sitter spacetimes are all homogeneous spaces: they are given as quotients G/H of their their isometry group G with respect to their isotropy subgroup H = SO(n−1, 1). It is therefore natural to investigate the associated quantum homogeneous spacetimes, which should arise from the associated quantum groups G q together with a quantum analogue H q of their isotropy subgroup. We recall that in the quantum group setting the relevant notion is the Hopf algebra of (non-commutative) functions on the quantum homogeneous space, and all its defining classical properties (transitivity of the action, invariance of a point with respect to a subgroup) have generalisations in the quantum group framework. A detailed presentation on quantum homogeneous spaces can be found, for instance, in [16] , where it is stressed that imposing H q to be a quantum subgroup, i. e. a Hopf subalgebra H q ⊂ G q , turns out to be too restrictive. In order to obtain a quantum algebra that can be viewed as the quantum counterpart of the algebra of functions on G/H one needs to consider also the so-called coisotropic subgroups since in many relevant quantum groups G q the quantisation of the subgroup H ⊂ G is not a quantum subgroup. This foundational issue has been treated in a number of works such as [17] [18] [19] [20] [21] [22] [23] , and several examples of quantum homogeneous spaces have been explicitly constructed, see [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] and references therein.
However, Lorentzian quantum homogeneous spacetimes in (2+1) and (3+1) dimensions have not been constructed yet -probably due to their non-compact nature and mathematical complexityalthough this would be highly relevant for applications in quantum gravity. At this point, it is worth recalling that in the same manner as quantum groups can be thought of as Hopf algebra counterparts of Poisson-Lie groups, quantum homogeneous spaces can be understood as quantisations of Poisson homogeneous spaces, for an overview see [29, [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] and references therein. While much simpler on a computational level, these Poisson homogeneous spaces still carry relevant information about the associated quantum homogeneous spaces and can be viewed as their semiclassical limits. In this correspondence, coisotropic quantum homogeneous spaces correspond to coisotropic Poisson homogeneous spaces.
The corresponding structures on the Lie bialgebra level have been identified in [46] as Lagrangian Lie subalgebras of the classical double D(g). More precisely, it was shown in [46] that the Poisson homogeneous structures on a quotient G/H of a Poisson-Lie group G by a Lie subalgebra H ⊂ G correspond to orbits of a natural G-action on the algebraic variety of Lagrangian subalgebras of the classical double D(g). They can be viewed as the linear or lowest order approximation of a quantum homogeneous space at a fixed point and contain all essential algebraic information for the construction of the quantum homogeneous space. Hence, they provide a framework in which essential properties of Lorentzian quantum homogeneous spacetimes can be investigated, thus opening the path for their explicit computations in physically meaningful cases. In this correspondence, coisotropic Lagrangian subalgebras describe coisotropic Poisson homogeneous spaces In addition to their physics applications in four dimensions, quantum homogeneous spaces and their semiclassical counterparts are also relevant in the context of 3d gravity. On one hand, 3d gravity is widely used as a toy model for the higher-dimensional case and as a testing ground for quantisation approaches. On the other hand, the role of quantum group symmetries is much more transparent in this setting since they arise as the quantum counterparts of Poisson-Lie symmetries in the classical theory. In particular, it was shown in [47] [48] [49] that gauge fixing procedures and the introduction of an observer into the theory lead to the appearance of dynamical classical r-matrices and hence to Poisson homogeneous spaces.
In this paper we pursue this "first order approach" to low dimensional coisotropic quantum homogeneous spacetimes, starting with the Lie bialgebra (g, δ) and the Poisson-Lie group G for quantum group of symmetries G q . This infinitesimal approach turns out to be the simplest framework in order to understand the plurality of coisotropic Poisson homogeneous spaces and hence of coisotropic quantum homogeneous spaces that correspond to a given homogeneous space G/H. We examine under this perspective the construction of coisotropic 2d Poisson homogeneous spaces associated with the Lorentz group SO(2, 1) ∼ = SL(2, R) in three dimensions as well as the construction of three-dimensional anti de Sitter space AdS 3 as a coisotropic Poisson homogeneous space over its isometry group SO(2, 2).
We show that the three inequivalent 2d homogeneous spaces over SO(2, 1) ∼ = SL(2, R), 2d hyperbolic space, anti de Sitter space and the lightcone in 3d Minkowski space, naturally correspond to the three inequivalent bialgebra structures on sl(2, R). The associated Poisson-Lie structures allow one to realise one of them as a Poisson homogeneous space SL(2, R)/H with respect to a Poissonsubgroup H ⊂ SL(2, R), while the other two are coisotropic. In all cases, we give an explicit parametrisation of the Poisson homogeneous spaces in coordinates adapted to their geometry.
In the case of 3d anti de Sitter space AdS 3 = SO(2, 2)/SO(2, 1) ∼ = SL(2, R) × SL(2, R)/SL(2, R), the relevant isotropy subgroup is the group SL(2, R), and there are numerous Poisson-Lie structures on the group SO(2, 2) that give AdS 3 the structure of a coisotropic Poisson homogeneous space over SO (2, 2) . We consider two representative Lie bialgebra structures on so(2, 2) that are canonical in the sense that they are the two possible realisations of so(2, 2) as a classical double so(2, 2) = D(a) [50] [51] [52] [53] . This choice is motivated by their applications in 3d gravity, where Poisson-Lie structures arise naturally from the description of 3d gravity as a Chern-Simons gauge theory [54, 55] whose symplectic structure can be described in terms of Poisson-Lie structures [56, 57] . It is argued in [58, 59] that the natural Poisson-Lie structures for 3d gravity are classical doubles. For both of these Lie bialgebra structures, we construct the associated Poisson homogeneous space and give an explicit description in coordinates. In the first case, we obtain one of very few descriptions of anti de Sitter space as a Poisson homogeneous space of the Poisson subgroup type, while the second, that corresponds to the twisted κ-deformation, is a coisotropic Poisson homogeneous space.
The structure of the paper is the following. In Section 2 we review the construction of Poisson homogeneous spaces over a Poisson-Lie group G and Drinfel'd's description of Poisson homogeneous spaces [46] in terms of Lagrangian Lie subalgebras of the classical D(g). We give an explicit description in terms of a basis, comment on the special cases of coisotropic and Poisson-subgroup homogeneous spaces and explore in detail the case where g is itself a classical double g = D(a) and the homogeneous space is G/A. In Section 3 we construct coisotropic Poisson homogeneous spaces over the group SL(2, R) with respect to the three inequivalent Poisson-Lie structures on SL(2, R). We derive an explicit description of the Poisson structure in terms of coordinates, analyse the structure of the Poisson brackets and their first order approximation. In Section 4 we construct three-dimensional anti de Sitter space as a coisotropic Poisson homogeneous space over its isometry group SO(2, 2) with respect to the isotropy subgroup SO(2, 1) ⊂ SO(2, 2). We start by analysing the quasitriangular Lie bialgebra structure on so(2, 2). We show that there are many PoissonLie structures on so(2, 2) for which so(2, 1) defines a coisotropic Lagrangian Lie subalgebra of the double D(so(2, 2)) but only a three-parameter family of classical r-matrices that gives SO(2, 1) the structure of a Poisson subgroup of SO(2, 2). In Sections 4.2 and 4.3 we then construct the coisotropic Poisson homogeneous structures on AdS 3 that are associated with the two classical double structures so(2, 2) = D(a). In both cases, we give an explicit parametrisation of these Poisson structures in terms of coordinates and analyse their limit of vanishing cosmological constant as well as their linearisation. Section 5 contains concluding remarks and closes the paper.
Poisson homogeneous spaces
In this section we summarise the basics on Poisson-Lie groups and Poisson homogeneous spaces and recall the result by Drinfel'd [46] , which states that Poisson homogeneous structures on the quotient G/H of a Poisson-Lie group G with respect to a Lie subgroup H ⊂ G correspond to the orbits of a natural G-action on the variety of Lagrangian subalgebras of the classical double D(g). Basic references on Poisson homogeneous spaces are [36, 38, 39, 41, 45, 46] .
Poisson homogeneous spaces over G and Lagrangian Lie subalgebras of D(g)
Recall that a homogeneous space over a Lie group G is a smooth manifold M together with a transitive smooth group action ✄ : G × M → M . A homomorphism of homogeneous spaces is a smooth map φ : M → N that intertwines the G-actions on M and N , i. e. that satisfies
If φ is a diffeomorphism, then it is called an isomorphism of homogeneous spaces.
Every Lie subgroup H ⊂ G gives rise to a homogeneous space G/H with the group action ✄ :
Conversely, if M is a homogeneous space over G, then the stabiliser 
An isomorphism of Poisson homogeneous spaces is a homomorphism of Poisson homogeneous spaces that is a diffeomorphism.
Note that by definition every Poisson-Lie group G is a Poisson homogeneous space over itself with respect to its action on itself by left multiplication. Explicitly, the condition that the action
where { , } denotes the Poisson bracket on M , { , } G the Poisson bracket on G and 
As the proof from [46] , see also [38] for a pedagogical summary, works with canonical structures, while we require a choice of basis, we summarise this implication in a more explicit way.
For every Poisson homogeneous space M over G and m ∈ M the infinitesimal action φ m : g → T M , X → X ✄ (m) that assigns to X ∈ g the vector X ✄ (m) ∈ T m M generated by the G-action
is a Lie algebra homomorphism with kernel ker(φ m ) = h m = Lie H m . The vector fields X ✄ are related to the right invariant vector fields X L on G by
and form a Lie subalgebra Vec
Identifying T m M = g/h m and T * m M = h ⊥ m and denoting by p m : g → g/h m the canonical surjection, one can identify the graph of this map with the linear subspace
The proof that every 
for all i, j ∈ {1, .., n} and α, β ∈ {n + 1, ..., N }. For any basis {X i } of g, in which the Lie bracket and cocommutator of g are given by structure constants C k ij and f jk i
the Lie algebra structure of D(g) is given by
where {x i } is the dual basis of g * . For the basis {H 1 , ..., H n , T n+1 , ..., T N } this takes the form
where Latin indices run over {1, ..., n} and Greek indices over {n + 1, ..., N }. The condition that H ⊂ G is a Lie subgroup implies C α ij = 0 for all i, j ∈ {1, ..., n} and α ∈ {n + 1, ..., N }. (6) is then given by
By definition of the basis, there is a neighbourhood U ⊂ G/H of eH ∈ G/H, where the vectors
where we abbreviate π αβ := π αβ (eH). A short computation using the pairing in (23) then shows that l eH is a Lagrangian subspace if and only if π αβ = −π βα . Conversely, any Lagrangian subspace l ⊂ D(g) with l ∩ g = h can be brought into the form (11) with π αβ = −π βα by applying an invertible linear transformation to the subspace t = span R {T α } ⊂ g and h ⊥ = span R {t α }.
To show that l eH ⊂ D(g) is a Lie subalgebra, one computes the Jacobi identity for the Poisson bracket on U ⊂ M and obtains for
where π αβ := π αβ (eH) are the coefficient functions of the Poisson bivector, C δ αβ the structure constants of g and M αβ γ := (T ✄ γ .π αβ )(eH). By differentiating condition (1) for the Poisson bracket on G/H in m = eH, using the relation between the vector fields T ✄ α and the associated right invariant vector fields on G one obtains an expression for these constants in terms of the coefficients of the Poisson bivector and the structure constants of g and g * . The corresponding expressions for the vector fields
Using the expressions for the Lie bracket in (10) one finds that the Lie brackets of the basis elements of l eH in (11) are given by [
Inserting the condition on the coefficients arising from the Jacobi identity in (12) and the two conditions in (13) in the last two equations, one obtains
and hence l eH is a Lie subalgebra of D(g). Conversely, if the brackets (14) define a Lie algebra structure on l eH , one finds that the conditions (12) and the two conditions in (13) 
for X ∈ g, α ∈ g * , where 
Hence, isomorphism classes of Poisson homogeneous structures on G/H correspond to orbits of the G-action (16) on the algebraic variety of Lagrangian subalgebras D(g).
While Drinfeld's description [46] of Poisson homogeneous spaces over a Poisson-Lie group G in terms of Lagrangian Lie subalgebras of the classical double D(g) relates the two structures, it does not directly lead to a classification. Deriving an explicit classification result is rather difficult, since it amounts to a classification of the orbits of the G-action (16) that correspond to Lagrangian subalgebras. For the case of complex reductive connected algebraic Poisson-Lie groups G and connected isotropy subgroups this was achieved in [60] .
In the following, we focus on the coisotropic Lagrangian Lie subalgebras l ⊂ D(g), for which l ∩ g * = h ⊥ . By comparing this condition with the expression (11) for the Lagrangian subalgebra in terms of the basis {H 1 , ..., Hn, T n+1 , ...T N } of g and its dual, one obtains the following description.
Lemma 2.4. Let h ⊂ g a Lie subalgebra and l ⊂ D(g) a Lagrangian
Lie subalgebra with l ∩ g = h given as in (11) . Then l is coisotropic if and only if π αβ = 0 for all α, β ∈ {n + 1, ..., N }. In this case, one has l = h ⊕ h ⊥ = span R {H i , t α } and the Lie bracket on l is given by
and the structure constants of g and g * satisfy C α ij = 0, f αβ i = 0 for all i, j ∈ {1, ..., n} and α, β ∈ {n + 1, ..., N }.
Proof. That l is coisotropic, i. e. satisfies (l ∩ g) ⊥ = l ∩ g * if and only if π αβ = 0 for all α, β ∈ {n+1, ..., N } folllows directly from expression (11) for the Lagrangian subalgebra l and the identities l ∩ g = h, h ⊥ = span R {t α }. The second condition in (13) (15) for the Lie bracket on l, then yields the expressions in (17) .
Note that the bracket (17) implies that in the coisotropic case not only h ⊂ g but also h ⊥ ⊂ g * is a Lie subalgebra. Coisotropic Lagrangian Lie subalgebras of D(g) can be distinguished further by considering the cocommutator of h = l ∩ g. In terms of a basis {H 1 , ..., H n , T n+1 , ..., T N } of g as above the cocommutator of g is given by the Lie bracket of g * in the right column of (10):
If l is coisotropic, then by Lemma 2.4 the cocommutator on h = l ∩ g takes the form
and hence h ⊂ g is a sub-Lie bialgebra and H ⊂ G a Poisson-Lie subgroup if and only if f jβ i = 0 for all i, j ∈ {1, ..., n} and β ∈ {n + 1, ..., N } or, equivalently, δ(h) ⊂ h ∧ h. This condition is stronger than the coisotropy condition (19) . If it holds, then the Lie bracket (17) takes the form
and hence the Lagrangian subalgebra l is semidirect product l = h⋉ h ⊥ , where the action of h on h ⊥ is given by the structure constants of g. Hence, among the coisotropic Lagrangian Lie subalgebras, the ones for which h ⊂ g is a sub-Lie bialgebra have a particularly simple form.
Coisotropic Lagrangian subalgebras of the double of a double
A special situation that is relevant in the application to 3d gravity in Section 4.2 is the case where the Poisson-Lie group G itself is the double of another Poisson-Lie group A and the Poisson homogeneous space is a quotient of the form M = D(A)/A. It follows from the classification of 3d Lie bialgebras and 6d classical doubles in [61, 62] that the isometry groups G Λ of constant curvature spacetimes in 3d gravity, which are the groups PSL(2, C), SO(2, 2) and ISO(2, 1) for, respectively, Λ > 0, Λ < 0 and Λ = 0 can all be realised as doubles of certain Poisson-Lie structures on SL(2, R).
It was shown in [51] that this can be described in a unified framework that involves the cosmological constant Λ as a deformation parameter and that the homogeneous constant curvature spacetimes are given as quotients of the doubles by the group SL(2, R). This provides a strong motivation to investigate Poisson homogeneous spaces of the type M = D(A)/A and the associated Lie bialgebra structures.
For this, consider a Lie bialgebra (a, δ) with a basis {X i } and denote by x i the dual basis of a * . Then the Lie brackets of the classical double D(a) are given by
and the cocommutator of D(a) from the canonical r-matrix r = i x i ⊗ X i takes the form
Consider g * ≡ D(a) * with the basis {y i , Y i } dual to {X i , x i }, i. e. given by the pairing
Then the Lie bracket of g * ≡ D(a) * is given by
and the Lie bracket of the double
is given by (21), (24) and the crossed brackets
Expressions (21) and (22) show that
The expressions (23) for the pairing between D(a) and D(a) * and the Lie brackets (24) show that
. Note also that in this case the Lie bracket of l is given entirely by the structure constants of a
More precisely, the Lie algebra l is a semidirect product l = a ⋉ ad a, where a acts on itself via the adjoint action. 
Coisotropic Poisson homogeneous spaces for SL(2, R) ≃ SO(2, 1)
In this section, we determine some coisotropic Poisson homogeneous structures on homogeneous spaces M = SL(2, R)/H associated with Poisson-Lie structures on SL(2, R) and one-parameter subgroups H ⊂ SL(2, R).
This is motivated on one hand by their geometrical relevance. The group SL(2, R) and its subgroups play an essential role in the description of hyperbolic structures on surfaces and in Teichmüller theory. Its homogeneous spaces include two-dimensional hyperbolic space H 2 . On the other hand, the constant curvature spacetimes of 3d gravity, their isometry groups and many associated structures can be obtained from associated structures for SL(2, R) and two-dimensional hyperbolic space by analytic continuation techniques, see for instance [63, 64] . Although there may be many more noncoisotropic Poisson homogeneous structures on SL(2, R)/H, it can be expected that the coisotropic ones are the simplest to quantise, see [65] and also [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] , and most natural for applications in 3d quantum gravity and noncommutative geometry. It is therefore sensible to focus first on the coisotropic case.
For this, note first that all abelian Lie subalgebras of sl(2, R) are one-dimensional and there are exactly three non-conjugate one-dimensional Lie subalgebras of sl(2, R). Hence, up to coverings and isomorphisms, there are exactly three non-trivial two-dimensional homogeneous spaces over SL(2, R). All of these can be realised as submanifolds of three-dimensional Minkowski space via the identification SL(2, R) ∼ = SO(2, 1):
• 2d anti de Sitter space as the one-sheeted hyperboloid:
• two copies of 2d hyperbolic space as the two-sheeted hyperboloid:
• the light cone in 3d Minkowski space:
We will show that that these three homogeneous spaces correspond one-to-one to the three families of Poisson-Lie structures on SL(2, R) in the following sense: each of the three families of Poisson-Lie structures allows one to realise exactly one of these homogeneous spaces as a coisotropic Poisson homogeneous space over a Poisson subgroup of SL(2, R), while the other two are realised only as coisotropic Poisson homogeneous spaces.
To construct these Poisson homogeneous spaces over SL(2, R), we start by considering the Lie algebra g = sl(2, R) ∼ = so(2, 1). In the standard basis {J ± , J 3 } its Lie bracket takes the form
and we denote by {a ± , χ} the dual basis of g * with the pairing
In the sequel we will also use another basis {P 1 , P 2 , J 12 } of sl(2, R), which is adapted to the (1+1)-dimensional Cayley-Klein geometries. The isometry groups of the (1+1)-dimensional Cayley-Klein geometries are given as a two-parameter family of Lie groups G (κ 1 ,κ 2 ) whose Lie algebras g (κ 1 ,κ 2 ) are spanned by {P 1 , P 2 , J 12 } with the Lie brackets
The parameters κ 1 and κ 2 are the constant Gaussian curvatures of, respectively, the symmetric homogeneous space of points G (κ 1 ,κ 2 ) / J 12 and the symmetric homogeneous space of lines G (κ 1 ,κ 2 ) / P 1 , which carry a transitive G (κ 1 ,κ 2 ) action by left multiplication. The properties of the nine (1+1)-dimensional geometries corresponding to different signs of κ 1 and κ 2 were investigated in detail in [66] and their (2+1)-dimensional counterparts in [67] . The Lie algebra sl(2, R) is the Cayley-Klein algebra (29) for κ 1 = 1 and κ 2 = −1 with the relation between the bases {P 1 , P 2 , J 12 } and {J ± , J 3 } given by
We denote by {a 1 , a 2 , θ} the associated dual basis of sl(2, R) * with the pairing
The Lie algebra sl(2, R) has three non-conjugate one-dimensional Lie subalgebras h, that exponentiate to hyperbolic, elliptic and parabolic subgroups H ⊂ PSL(2, R). In terms of the basis {J 12 , P 1 , P 2 } they are generated, respectively, by J 12 , by P 1 and by P 1 + P 2 . The associated homogeneous spaces SL(2, R)/H are the one-sheeted hyperboloid AdS 2 , the two-sheeted hyperboloid H 2 × Z 2 and the lightcone L in Minkowski space.
On the other hand, there are exactly three inequivalent families of Lie bialgebra structures on sl(2, R) ≃ so(2, 1), that yield three distinct families of Poisson-Lie structures on SL(2, R), see for instance [38] . All three of them are quasitriangular and given by the following families of antisymmetric r-matrices:
• The standard Drinfel'd-Jimbo Lie bialgebra structure, called hyperbolic in [38] ,
• The other standard family of Lie bialgebra structures, called elliptic in [38] ,
• The non-standard or triangular Lie bialgebra structure, called parabolic in [38] ,
The names hyperbolic, elliptic and parabolic are motivated by the fact that the one-dimensional Lie subalgebras generated by primitive elements of the associated cocommutators are hyperbolic, elliptic and parabolic. We will now determine for each of these Lie bialgebra structures on sl(2, R) the Lagrangian Lie subalgebras of the classical double D(sl(2, R)) and the associated two-dimensional Poisson homogeneous spaces M , with an explicit description of the Sklyanin bracket and the induced Poisson bracket on M .
The Poisson homogeneous space AdS
The cocommutator of on sl(2, R) for the standard hyperbolic r-matrix (32) is given by
The classical double D(sl(2, R)) for this Lie bialgebra structure is isomorphic to so(2, 2) as a Lie algebra [51] . It follows directly from the expressions for the cocommutator in (35) that a onedimensional Lie subalgebra h ⊂ sl(2, R) is a sub-Lie bialgebra if and only if it is spanned by the generator J 12 . In this case, the associated coisotropic Lagrangian subalgebra l ⊂ D(sl(2, R)) is l = Span R {J 12 , a 1 , a 2 }, with the following Lie bracket obtained from (9):
The Poisson-Lie structure on SL(2, R) associated with the Lie bialgebra structure (35) is given by the Sklyanin bracket
where r = r ij X i ⊗ X j is the r-matrix (32) with respect to a basis {X i } of sl(2, R) and
denote the right and left invariant vector fields on G. A convenient set of coordinates in which this bracket takes a particularly simple form are the coordinates (θ, a 1 , a 2 ) adapted to the CayleyKlein geometries defined in (86) in Appendix A. This action of the right and left invariant vector fields on SL(2, R) on these coordinates is given by (87) and (88) in Appendix A. A straightforward computation [68] shows that in terms of these coordinates the Sklyanin bracket (37) takes the form
The Poisson homogeneous space associated with the Poisson-Lie subgroup H = J 12 ⊂ SL(2, R) is the one-sheeted hyperboloid AdS 2 = SL(2, R)/ J 12 . It is parametrised by the coordinates a 1 , a 2 , which generate a Poisson subalgebra of C ∞ (SL(2, R)) with the Poisson bracket given by (40) .
An alternative set of coordinate functions on SL(2, R) that is adapted to the basis {J ± , J 3 } is given by the coordinate functions (a + , a − , χ) defined in (90) in Appendix A. The expressions for the left and right invariant vector fields for the basis {J 3 , J ± } of sl(2, R) are given in (91) and (92).
Again, a straightforward computation shows that the Sklyanin bracket (37) for the SL(2, R) with the r-matrix (32) takes the form
In these coordinates, the Poisson homogeneous space AdS 2 = SL(2, R)/ J 12 = SL(2, R)/ J 3 is parametrised by the coordinate functions a + and a − which generate a Poisson subalgebra of C ∞ (SL(2, R)) with the Poisson bracket (41).
The Poisson homogeneous space
We can analyse in the same manner the coisotropic Poisson homogeneous spaces for the Poisson-Lie structure on SL(2, R) given by the elliptic r-matrix (33) . In this case the cocommutator of sl(2, R) reads
In this case, a one-dimensional Lie subalgebra h ⊂ sl(2, R) is a sub-Lie bialgebra if and only if it is of the form h = Span R {P 1 }. The associated Lagrangian subalgebra of D(sl(2, R)) is l = Span R {P 1 , θ, a 2 } with the Lie bracket
In terms of the coordinates (θ, a 1 , a 2 ) from (86) the Sklyanin bracket on SL(2, R) for (33) reads
The associated Poisson homogeneous space with respect to the Poisson subgroup H = P 1 ⊂ SL(2, R) is the two-sheeted hyperboloid H 2 × Z 2 = SL(2, R)/ P 1 . It is parametrised by the coordinates a 2 , θ, which generate a Poisson subalgebra of C ∞ (SL(2, R)) with the Poisson bracket (47) . In terms of the coordinates (a + , a − , χ) from (90) the Sklyanin bracket on SL(2, R) takes the form
but there is no simple parametrisation of the homogeneous space H 2 × Z 2 = SL(2, R)/ J + − J − in terms of the coordinates (a + , a − , χ). Nevertheless, as we will see in the next subsection, this bracket gives a simple description of the coisotropic Poisson homogeneous structures on the lightcone L.
The Poisson homogeneous space L (parabolic, h = Span R {J + })
Finally, we analyse the coisotropic Poisson homogeneous spaces for the Poisson-Lie structure on SL(2, R) given by the nonstandard or parabolic r-matrix (34) . In this case the cocommutator of sl(2, R) reads
and a one-dimensional Lie subalgebra h ⊂ sl(2, R) is a sub-Lie bialgebra of sl(2, R) if and only if it is generated by the primitive element P 1 + P 2 = J + . In terms of the basis {J ± , J 3 } and its dual basis {a ± , χ}, the associated Lagrangian subalgebra is l = Span R {J + , χ, a − } with the Lie bracket
In terms of the coordinates (a + , a − , χ) from (90) the Sklyanin bracket on SL(2, R) for (34) reads
The Poisson homogeneous space with respect to the Lie subgroup H = J + ⊂ SL(2, R) is the lightcone in 3d Minkowski space L = SL(2, R)/ J + . It is parametrised by the coordinates a − , χ, which generate a Poisson subalgebra of C ∞ (SL(2, R)) with the Poisson bracket (56) . In terms of the coordinates (θ, a 1 , a 2 ) from (86) the Sklyanin bracket for (34) is given by
Again, there is no simple way to parametrise the Poisson homogeneous space L = SL(2, R)/ P 1 +P 2 in terms of the coordinates (θ, a 1 , a 2 ). Nevertheless, these brackets yield a simple description of the coisotropic Poisson homogeneous structures on the two-sheeted hyperboloid.
The full list of coisotropic Poisson homogeneous spaces
The discussion in the preceding sections shows that for each of the three inequivalent 2d homogeneous spaces M = SL(2, R)/H, there is exactly one Poisson-Lie structure on SL(2, R) for which the subgroup H ⊂ SL(2, R) is a Poisson-Lie subgroup. For the one-sheeted hyperboloid M = AdS 2 with H = J 12 = J 3 it is given by the hyperbolic r-matrix (32) , for the two-sheeted hyperboloid H 2 × Z 2 with H = P 1 by the elliptic r-matrix (33) and for the lightcone L with H = J + by the parabolic r-matrix (34) . However, each of these homogeneous spaces can be realised as a coisotropic Poisson homogeneous space over SL(2, R) for any of these three Poisson-Lie structures.
The Poisson homogeneous space M = AdS 2 with H = J 12 = J 3 has a simple parametrisation in both, the coordinates (θ, a 1 , a 2 ) from (86) and (a + , a − , χ) from (90). In terms of the former, it is parametrised by the coordinates a 1 , a 2 and in terms of the latter by the coordinates a + , a − .
Expressions (40), (41), (48), (49), (54) and (59) show that for all three r-matrices, these coordinate functions generate a Poisson subalgebra of C ∞ (SL(2, R)), but the concrete form of the Poisson brackets depends on the choice of the classical r-matrix.
The Poisson homogeneous space M = H 2 × Z 2 with H = P 1 has a simple parametrisation only in terms of the coordinates (θ, a 1 , a 2 ) from (86), where it is parametrised by the coordinates a 2 , θ. Again, it is apparent in expressions (39), (47) and (58) that for all choices of the r-matrix, these coordinates generate a Poisson subalgebra of C ∞ (SL(2, R)).
In contrast, the Poisson homogeneous space M = L with H = J + has a simple parametrisation only in the coordinates (a + , a − , χ) from (90), where it is parametrised by a − , χ. The expressions for their Poisson brackets in (43), (51) and (56) for the three different r-matrices again show that in all three cases, these coordinate functions generate a Poisson subalgebra of C ∞ (SL(2, R)).
These results are summarised in The PSL(2, R)-orbits in the variety of Lagrangian Lie-subalgebras of D(sl(2, R)) for the different Lie bialgebra structures on sl(2, R) are classified in [40] . Although it is difficult to transform the results in [40] into an explicit description in terms of coordinates on AdS 2 , H 2 × Z 2 and L, this amounts to a complete classification of all Poisson-homogeneous structures on the homogeneous spaces PSL(2, R)/H for all Poisson-Lie structures on PSL(2, R) and Lie subgroups H ⊂ PSL(2, R).
AdS 3 as a coisotropic Poisson homogeneous space over a double
In this section, we consider the Lorentzian 3d constant curvature spacetimes X Λ as homogeneous spaces over their isometry groups. These are 3d anti de Sitter space AdS 3 , de Sitter space dS 3 and Minkowski space M 3 for, respectively, negative, positive and vanishing cosmological constant Λ. Their isometry groups G Λ are the groups SO(2, 2) ∼ = SL(2, R) × SL(2, R), SL(2, C) and ISO(2, 1). All of these groups contain the 3d Lorentz group SL(2, R) ∼ = SO(2, 1) as a subgroup, with the diagonal embedding in the first case and the canonical inclusions in the last two cases, and the spacetimes are given as homogeneous spaces
These spacetimes play a distinguished role in 3d gravity since they capture all local information about 3d spacetimes. Any Lorentzian vacuum spacetime or spacetime with point particles is locally isometric to one of these spacetimes and maximally globally hyperbolic spacetimes are obtained as quotients of certain regions in these spacetimes by discrete subgroups of their isometry groups [63, 69] . Moreover, the quantum group symmetries in quantum gravity arise naturally from PoissonLie symmetries on their isometry groups [56, 57] , which act on the classical phase space of 3d gravity.
Hence it is natural to ask if it is possible to realise the Lorentzian constant curvature spacetimes in 3d gravity as Poisson homogeneous spaces with respect to a suitable Poisson-Lie structure on their isometry groups G Λ . As shown in [58, 70] the relevant Poisson-Lie structures for 3d gravity are classical doubles. Hence, we will restrict attention to quasitriangular and, in particular, classical double Poisson-Lie structures in the following. As in the previous section, we will focus on the Poisson homogeneous spaces that are coisotropic and, in particular, the coisotropic Poisson-subgroup ones. Although there may be many more Poisson homogeneous structures on these constant curvature spacetimes, it can be expected that the coisotropic ones are the simplest to quantise. Also, it turns out that the coisotropic cases are quite numerous. We will also focus on the case of negative cosmological constant, i. e. 3d anti de Sitter space. This is motivated on one hand by its particular geometrical relevance -3d anti de Sitter spacetimes exhibit interesting physical properties such as black hole solutions and conformal structures at their boundaries [71] . On the other hand, there are very few examples of quantum homogeneous anti de Sitter spaces. We expect that the results of this section generalise to 3d de Sitter and Minkowski space, although the concrete description of the coisotropic Poisson homogeneous structures will have to rely on a different set of coordinates.
Lorentzian 3d constant curvature spacetimes as Poisson homogeneous spaces
The Lie algebras g Λ = Lie G Λ associated with the isometry groups of 3d gravity can again be described in a unified way, in terms of a a basis that is adapted to the 3d Cayley-Klein geometries. It consists of generators {J, P 0 , P 1 , P 2 , K 1 , K 2 } with the Lie bracket
where i, j = 1, 2 and ǫ 12 = −ǫ 21 = 1. Depending on the cosmological constant Λ = −ω, this yields the Lie algebras so(2, 2) ∼ = sl(2, R) ⊕ sl(2, R) for Λ < 0, the Lie algebra so(3, 1) = sl(2, C) for Λ > 0 and the Lie algebra iso(2, 1) for Λ = 0. In all cases, J generates a spatial rotation, P 0 a time translation, the elements K i Lorentz boosts and the elements P i spatial translations. The Lie algebra g Λ has two quadratic Casimir elements
The Casimir C corresponds to the Killing-Cartan form and it is related to the energy of the particle, while W is related to the Pauli-Lubanski vector. Note that the basis {J, K 1 , K 2 , P 0 , P 1 , P 2 } is related to the basis {J 0 , J 1 , J 2 , P 0 , P 1 , P 2 } considered in [50] [51] [52] [53] via a very simple change of basis [53] 
Our first aim is to determine all families of quasitriangular Poisson-Lie structures on G Λ that are defined for all values of Λ and for which the 3d Lorentz group SL(2, R) ⊂ G Λ is a Poisson subgroup. This issue can be addressed in full generality since any such family of classical r-matrices for r ∈ g Λ ⊗g Λ must in particular determine a classical r-matrix with this property for so(2, 2). The classical r-matrices for Lie algebra so(2, 2) were classified in [72] . As any antisymmetric element of r ∈ so(2, 2) ⊗ so(2, 2) can be parametrised as
with 15 real parameters a 1 , ..., a 6 , b 1 , ..., b 6 , c 1 , . .., c 3 , it is possible to explicitly derive the constraints on these parameters that arise from the condition that r is a solution of the modified classical Yang-Baxter equation (mCYBE). This was achieved in [72] . The conditions on these parameters that guarantee that the Lie algebra sl(2, R) = Span R {J, K 1 , K 2 } is a sub-Lie bialgebra of so(2, 2) can be derived by a straightforward computation from the cocommutator defined by (63) . On the Lie subalgebra sl(2, R), this cocommutator reads
and the condition δ(sl(2, R)) ⊂ sl(2, R) ∧ sl(2, R) is satisfied if and only if
If these equations hold, the mCYBE reduces to a single additional condition, namely
Therefore, the most general quasitriangular Poisson-Lie structure on SO(2, 2) for which the 3d Lorentz group SL(2, R) ∼ = SO(2, 1) is a Poisson-Lie subgroup is given by the r-matrix
together with the condition (66) . Note that for a 6 = 0 we obtain the r-matrix
which is a solution of the classical Yang-Baxter equation. We thus obtain a triangular Poisson-Lie structure which is just the extension of the non-standard structure for sl(2, R) defined by (34) . Therefore, the only standard solutions of the mCYBE have a 6 = 0. In particular, the family of r-matrices studied in [51, 52] that describes the Lie algebras g Λ as classical doubles of the Lie bialgebra sl(2, R) for all values of Λ and is relevant for 3d gravity satisfies these conditions. They are obtained by taking b 2 = c 2 = 0, a 2 2 = η 2 = −Λ and a 6 = −1/2 in (68), which yields
and coincides with the family of r-matrices in [51, 52] up to the change of basis in (62) . Note also that the parameter b 2 can be taken to vanish without loss of generality due to the classification of r-matrices for sl(2, R) discussed in the previous section. The coisotropic Poisson homogeneous spaces for this r-matrix will be discussed for the anti de Sitter case in the next subsection, where we show that they are an example of the double coisotropic Poisson homogeneous spaces described in Section 2.2.
The general expression (63) for a classical r-matrix also shows that the coisotropic subgroup condition is much weaker than the Poisson subgroup condition and that there are many ways of realising AdS 3 as a coisotropic Poisson homogeneous space over SO(2, 2) with a quasitriangular Poisson-Lie structure. In fact, by a direct inspection of (64) one finds that the condition δ(sl(2, R)) ⊂ sl(2, R) ∧ so(2, 2) leads to the conditions
together with the 18 quadratic constraints equations arising from the mCYBE [72] . The set of quasitriangular Poisson-Lie structures for which the group SL(2, R) is only required to be coisotropic therefore depends on 12 parameters, subject to 18 quadratic constraint equations, and some of the solutions of these equations will lead to equivalent Poisson-Lie structures via automorphisms.
An important example that arises from a classical r-matrix that gives the Lie algebra g Λ the structure of a classical double is the twisted ('space-like') κ-AdS Poisson Lie group from [53] given by r =
It is related to the family of r-matrices from [53] by the change of basis (62) and corresponds to the case where the only non-vanishing parameters in (63) are given by
Note that the associated Lie bialgebra structure coincides with the one of the usual κ-AdS PoissonLie group from [13, 67] for ξ = 0. As this is also a classical double r-matrix for the isometry group SO(2, 2) [51] and due to the relevance of the κ-deformation, we will also construct the corresponding coisotropic Poisson homogeneous spaces and compare them to the one for the first family of r-matrices.
AdS 3 as a Poisson subgroup Poisson homogeneous space over a double
In this and the following subsection we realise 3d anti de Sitter space and via a limiting procedure also 3d Minkowski space as a Poisson homogeneous space over a double of a classical double. It can be expected that this will generalise straightforwardly also to 3d de Sitter space, but the concrete parametrisation of the Poisson structure in terms of coordinates will take a different form.
We start by considering the associated Lie bialgebra structures on so(2, 2). As shown in [51] , there are two inequivalent families of classical r-matrices for so(2, 2) that give so(2, 2) the structure of a classical double so(2, 2) = D(a) for a 3d Lie bialgebra a. The first family is associated with the standard quantum deformation of a = sl(2, R) from (32) . In terms of the standard basis {X 0 , X 1 , X 2 } of sl(2, R) and the associated dual basis {x 0 , x 1 , x 2 } of sl(2, R) * , the Lie brackets of the classical double read [51] [
were Λ = −η 2 < 0. The basis {X i , x i } is related to the basis {J, P 0 , P 1 , P 2 , K 1 , K 2 } introduced before (60) by the basis transformation
AdS 3 as a coisotropic Poisson homogeneous space over a double
In this subsection we investigate the second family of classical r-matrices which give the Lie algebra so(2, 2) the structure of a classical double g = D(a), where a = iso(1, 1) is the Poincaré algebra in two dimensions with a bialgebra structure that depends on an essential deformation parameter η = 0. In terms of a basis {X 0 , X 1 , X 2 } of iso(1, 1) and the associated dual basis {x 0 , x 1 , x 2 } of iso(1, 1) * the Lie bracket of g Λ = D(iso (1, 1) ) is given by [51] [X 0 ,
where Λ = −η 2 < 0 and η > 0. If we perform the change of basis
we obtain the Lie algebra so(2, 2) with the bracket (60) . A similar change can be employed in the case where η < 0. In terms of the basis {J, , 1) ) then takes the form (71) with ξ = 1. The associated quantum group is a superposition of the (space-like) κ-deformation of so(2, 2) from [67] that is generated by the term (−K 2 ∧ P 0 − J ∧ P 1 ) and a Reshetikhin twist generated by K 1 ∧ P 2 . Anti de Sitter space AdS 3 is again given as a coisotropic Poisson homogeneous space AdS 3 = SO(2, 2)/SL(2, R) and the subgroup SL(2, R) ⊂ SO(2, 2) is again generated by J, K 1 , K 2 . However, for this Lie bialgebra structure the cocommutator is given by
This shows that sl(2, R) ⊂ so(2, 2) is a coisotropic Lagrangian Lie subalgebra, but not a sub-Lie bialgebra, as discussed in Section 4.1. The associated Lagrangian subalgebra of
Hence, we obtain a coisotropic Lagrangian subalgebra l of the general form (17) , but in contrast to the sub-Lie bialgebra case, it is not a semidirect product of the Lie algebras l ∩ so(2, 2) = sl(2, R) and the Lie algebra l ∩ so(2, 2) * .
The Poisson bracket on the homogeneous space AdS 3 = SO(2, 2)/SL(2, R) is again obtained from the Sklyanin bracket on SO(2, 2), in this case for the classical r-matrix (71) for ξ = 1. However, to identify the contributions of each part of the r-matrix, it is convenient to consider the r-matrix (71) for general values of the parameter ξ, which controls the contribution of the twist
A convenient parametrisation of this Sklyanin bracket in suitable coordinates on SO(2, 2) was computed in [52] . The projection of this bracket to the group coordinates x a ≡ p a that parametrise AdS 3 then gives the following bracket on AdS 3
where again Λ = −η 2 . The linearisation of this Poisson bracket reads
and coincides with the Lie bracket (82) for ξ = 1. This is the flat limit η → 0 of the bracket (83), which describes the case of vanishing cosmological constant and hence the coisotropic Poisson homogeneous space M 3 . In the untwisted case, i. e. for ξ = 0, the flat limit η → 0 of the bracket (83) yields precisely the well-known (2+1) κ-Minkowski spacetime [6] [7] [8] , which is indeed a coisotropic Poisson homogeneous space.
Concluding remarks
This article presents the first steps towards the construction of the coisotropic quantum homogeneous spaces associated with the three two-dimensional homogeneous spaces over the group SL(2, R), including in particular 2d hyperbolic space H 2 and anti de Sitter space AdS 2 , as well as three-dimensional anti de Sitter space AdS 3 and its flat limit. The explicit construction of the full quantum homogeneous spaces is challenging, since it requires an explicit description of the Hopf algebra duality between the quantum algebra and the quantum group. A precise understanding of the corresponding coisotropic Poisson homogeneous spaces and the associated coisotropic Lagrangian subalgebras of the classical doubles is required and can provide helpful guidance in this task. The former can be viewed as the semiclassical limit of the associated quantum homogeneous space, the latter as its infinitesimal version or first order approximation inh. It contains all essential information on the associated quantum homogeneous space and in principle allows one to construct it via an iterative procedure, order for order inh.
The two-dimensional examples studied in this article are important ones in their own right due to the rich geometry of these classical homogeneous spaces and as toy models for the higher dimensional case. On the other hand, the 3d examples here presented are motivated by their role in 3d gravity. In this setting, the quantum group symmetries of quantum homogeneous spaces arise from PoissonLie symmetries in the classical theory and the relevant Poisson-Lie symmetries have been identified in [58, 70] as classical doubles. While the case of vanishing cosmological constant is structurally simpler and well understood, 3d anti de Sitter and de Sitter space are of special interest, since they allow one to investigate both, the cosmological constant and Planck's constant as deformation parameters and allow one to understand the role of curvature.
It would also be interesting to explore in more detail the Minkowski and de Sitter counterparts of the results in this article, both from the point of view of Poisson-Lie group contractions [68, 73, 74] and via the classification of the quasitriangular Poisson-Lie structures on the groups ISO(2, 1) and SL(2, C). In particular, this raises the question if the unified description of the isometry groups in 3d gravity in terms of (pseudo) quaternions from [75] can be used to give unified coordinates for the associated homogeneous spaces in which the cosmological constant appears as a deformation parameter. In this context, it would also be worthwhile to explore the connections between Poisson homogeneous spaces and the dynamical Yang-Baxter equation [41, 42] . It was shown in [47] [48] [49] that gauge fixing in the context of 3d gravity is related to the introduction of an observer in the theory and leads to the appearance of dynamical r-matrices.
Finally, the analysis in this article can be viewed as a first step towards an analogous description of 4d constant curvature spacetimes. Like their three-dimensional counterparts, four dimensional de Sitter, anti de Sitter and Minkowski space are obtained as homogeneous spaces of their isometry groups with the Lorentz group SO(3, 1) as the stabiliser subgroup. Hence, a similar analysis could be performed to determine the coisotropic Poisson homogeneous structures on these four-dimensional spacetimes. In particular, the classical r-matrices for so(3, 1) were classified in [76, 77] , see also [78] , and it would be interesting to determine which of them generates Poisson subgroup homogeneous spaces on four dimensional de Sitter space AdS 4 . On the other hand, it was recently shown in [79] that the Lie algebra of the isometry group of AdS 4 can be realised as a classical double and that the associated canonical r-matrix is a four-dimensional generalisation of the twisted kappa deformation (71) . This yields a coisotropic Poisson homogeneous structure on AdS 4 that is a direct generalisation of the coisotropic Poisson homogeneous structure on AdS 3 studied in this article. It would be interesting to analyse the four-dimensional situation in more depth and to obtain more relevant examples of coisotropic Poisson homogeneous structures.
A Coordinate functions and vector fields for the 2d Cayley-Klein geometries
The fundamental representation D of the Cayley-Klein Lie algebra g (κ 1 ,κ 2 ) with κ 1 = 1 and κ 2 = −1 is given by (see [68] for details) 
A real representation D of the group element g = e a 1 P 1 e a 2 P 2 e θJ 12 ∈ G (κ 1 ,κ 2 ) is thus given by where we use the abbreviations C(a 1 ) ≡ cos(a 1 ), C(a 2 ) ≡ cosh(a 2 ), C(θ) ≡ cosh(θ), S(a 1 ) ≡ sin(a 1 ), S(a 2 ) ≡ sinh(a 2 ) and S(θ) ≡ sinh(θ). In terms of these coordinates θ, a 1 , a 2 , the left and right invariant vector fields for SL(2, R) associated with the basis {P 1 , P 2 , J 12 } of sl(2, R) are given by
{− sinh(a 2 ) cosh(θ)∂ θ + cosh(θ)∂ a 1 + cosh(a 2 ) sinh(θ)∂ a 2 } ,
{− sinh(a 2 ) sinh(θ)∂ θ + sinh(θ)∂ a 1 + cosh(a 2 ) cosh(θ)∂ a 2 } ,
{sinh(a 2 ) cos(a 1 )∂ a 1 + cos(a 1 )∂ θ +cosh(a 2 ) sin(a 1 )∂ a 2 } ,
{−sinh(a 2 ) sin(a 1 )∂ a 1 − sin(a 1 )∂ θ +cosh(a 2 ) cos(a 1 )∂ a 2 } .
On the other hand, the two-dimensional representation of sl(2, R) ≃ so(2, 1)
allows one to parametrise elements of the group SL(2, R) near the unit element as 
In terms of the local coordinates a + , a − , χ, the left and right invariant vector fields of SL(2, R) associated with the basis {J 3 , J ± } of sl(2, R) are given by [53] 
